Abstract. We extend the recent L 1 uncertainty inequalities obtained in [14] to the metric setting. For this purpose we introduce a new class of weights, named *isoperimetric weights*, for which the growth of the measure of their level sets µ({w ≤ r}) can be controlled by rI(r), where I is the isoperimetric profile of the ambient metric space. We use isoperimetric weights, new *localized Poincaré inequalities*, and interpolation, to prove L p , 1 ≤ p < ∞, uncertainty inequalities on metric measure spaces. We give an alternate characterization of the class of isoperimetric weights in terms of Marcinkiewicz spaces, which combined with the sharp Sobolev inequalities of [21] , and interpolation of weighted norm inequalities, give new uncertainty inequalities in the context of rearrangement invariant spaces.
Introduction
In a recent paper, Dall'ara-Trevisan [14] extended the classical uncertainty inequality (cf. [39] )
to a large class of homogenous spaces M for a (Lie or finitely generated) group G such that the isotrophy subgroups are compact and, furthermore, M is endowed with an invariant measure µ, an invariant distance d, and an invariant gradient which is compatible with d. To describe the weights considered in [14] let us observe that for each r > 0, the elements of B(r), the class of balls of radius r in M, have equal measure and, consequently, one can consider the class of weights w : M → R + that satisfy (1.2) µ({w ≤ r}) ≤ Υ M (r) := µ(B(r)).
In this setting, Dall'ara-Trevisan [14] show that, for all weights that satisfy (1.2), there exists c > 0 such that for all p ∈ [1, ∞),
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The second named author was partially supported by a grant from the Simons Foundation (#207929 to Mario Milman) . 1 A detailed survey of the uncertainty inequality and many related inequalities can be found in [17] .
for all smooth functions f satisfying suitably prescribed cancellations 2 .
A new feature of the result is the fact that it is crucially valid for p = 1. Indeed, the inequalities for L p , p > 1, follow from the L 1 case by a familiar argument using the chain rule (cf. [14] , [32] ). Furthermore, as in the classical theory of Sobolev inequalities of Maz'ya (cf. [25] , [26] ), the L 1 uncertainty inequalities are naturally connected with isoperimetry. For example, when M is compact, the "weak isoperimetric inequality" property used in [14] asserts the existence of a constant C > 0, such that for all Borel sets A and E, with µ(A) ≤ µ(M )/2, and µ(E) ≤ Υ M (r), we have
where µ + is a suitable notion of perimeter 4 (cf. [14] , and also [13] ). The proof of (1.3) in [14] uses (1.2) and (1.4) combined with Poincaré's inequality; furthermore, the group structure associated with M also plays a rôle.
The purpose of this paper is to extend (1.3) to the more general context of metric measure spaces. In particular, we will eliminate the dependence on any type of group structure as well as the requirement that the measure of a ball depends only on its radius. In particular, our uncertainty inequalities are also valid in the Gaussian setting. We are also able to extend (1.3) to rearrangement invariant norms and establish a principle that allows the transference of uncertainty inequalities between different geometries, under the assumption that the underlying isoperimetric profiles can be compared pointwise.
To explain in somewhat more detail the motivation behind the results, and the methods we shall develop in this paper, we need to introduce some notation.
Let (Ω, µ, d) be a connected metric measure space We shall always assume that I is concave, continuous, and zero at zero. In the case of finite measure spaces, i.e. when µ(Ω) < ∞, we shall also assume that I is symmetric around µ(Ω)/2. In particular, in this case I will be increasing on 2 For example, if M is compact, a natural normalization condition is f dµ = 0, and in the non-compact case (cf. [14] ) it is natural to require that the functions have compact support. In this paper Lip 0 (Ω) , will always denote the set of Lip functions with compact support. 3 For more on this we refer to [14] and Section 4 below. 4 Roughly speaking "µ + (A) = |∇(χ A )| L 1 ". 5 We shall list further assumptions on (Ω, µ, d) as needed. 6 While isoperimetric profiles are very hard to compute exactly, most of the estimates in this paper hold true if replace I by a lower bound estimator function, usually refered to as *an isoperimetric estimator* (cf. [21] ).
(0, µ(Ω)/2), and decreasing on (µ(Ω)/2, µ(Ω)). Moreover, if µ(Ω) = ∞, we assume that I is increasing.
In what follows metric measure spaces having all the properties listed above shall be simply referred to as "measure metric spaces".
Our main focus will be on the validity of L 1 inequalities of the form
, for all smooth functions f that satisfy suitably prescribed cancellations. As in [14] one of our main tools will be local Poincaré inequalities, but in our case, they are formulated using the isoperimetric profile, and are valid for arbitrary measurable sets, rather than balls. For example, if µ(Ω) < ∞, we localize the usual Poincaré inequality (cf. [8] , [21] ),
as follows: For all f ∈ Lip(Ω) and for all measurable A ⊂ Ω we have (cf. Theorem 1 below)
where m(f ) is a median of f (cf. Section 2). A key role in our analysis is played by a class of weights, which we call *isoperimetric* weights. A positive measurable function w : Ω → R + will be called an *isoperimetric weight* if there exists a constant C = C(w) such that
≤ Cr, r > 0.
In particular, when µ(Ω) = ∞, the condition (1.7) takes the simpler form
As a consequence, the growth of the measure of the level sets of isoperimetric weights is controlled by the isoperimetric profile associated with the geometry. To get some insight on the difference between (1.8) and (1.2) we shall now briefly compare them in the context of R n . The classical weight used for Euclidean uncertainty inequalities (cf. (1.1) above) is w(x) = |x|. For this weight, both conditions, (1.8) and (1.2), are satisfied, but the calculations needed for their verifications are different. Indeed, let µ R n denote the Lebesgue measure on R n , and let w(x) = |x| , then we have
where β n is the measure of the unit ball; on the other hand, since I R n (r) = n (β n ) 1/n r (1−1/n) , we also have
7 Below we will also develop methods to treat uncertantity inequalities for rather general rearrangement invariant norms. 8 To understand the reason why condition (1.7) is slightly more complicated when µ(Ω) < ∞, note that if µ({w ≤ r}) = 1, then, since I(1) = 0, I(µ({w ≤ r})) = 0 and (1.8) has no meaning. A comparable phenomenon occurs with condition (1.2), which has no meaning when r >diameter of M.
Thus, w(x) = |x| satisfies both (1.8) and (1.2). In fact, more generally, for geometries that satisfy the assumptions of [14] and, moreover, have concave isoperimetric profiles, we will show that if a weight w satisfies (1.2) then it is an *isoperimetric weight* in our sense (cf. Section 5, Theorem 6). For isoperimetric weights we will show (cf. Theorem 3 below) that there exists a universal constant c = c(w) such that, for all suitably normalized Lipschitz functions f, the following uncertainty inequality holds
Moreover, a weak converse holds. Namely, if (1.9) holds for a given weight w, then it is easy to see that the growth of the measure of the level sets of w must be controlled in some fashion by their corresponding perimeters. More precisely, we have (cf. Remark 1 below),
From a technical point of view, the class of isoperimetric weights is useful for our development in this paper since these weights are directly related to the local Poincaré inequalities described above (cf. (1.6)). In fact, with these tools at hand, combined with interpolation, we are able to adapt the main argument of [14] to prove L 1 uncertainty inequalities in our setting. As it turns out, there is still a different characterization of the class of isoperimetric weights through the use of rearrangements. Indeed, we will show that isoperimetric weights are functions that belong to a Marcinkiewicz space whose fundamental function behaves essentially like t I(t) . We then observe that, in view of a classical inequality of Hardy-Littlewood, the usual self improvements of Sobolev inequalities can be formulated as weighted norm inequalities, where the weights are precisely the isoperimetric weights! At this point we use interpolation theory to derive new uncertainty inequalities for rearrangement invariant norms.
Let Φ(t) := Φ I (t) = min{t,µ(Ω)/2)} I(min{t,µ(Ω)/2)}) , t ∈ (0, µ(Ω)), then, since we assume that I(t) is concave, the function Φ is non-decreasing. It can be readily seen (cf. Lemma 1 in Section 2.3 below) that w is an isoperimetric weight if and only if W := 1 w belongs to the Marcinkiewicz space M (Φ) = M (Φ)(Ω, µ), of functions on Ω such that
In terms of rearrangements (cf. [34] and Section 2.3 below) we can also write
In other words, w is an *isoperimetric weight* if and only W := 1 w satisfies
To set the stage for the more general developments we shall present in Section 6, let us briefly develop, in the more familiar Euclidean setting, the connection of uncertainty inequalities with sharp Sobolev inequalities, interpolation of weighted norm inequalities, and explain the rôle of the Marcinkiewicz space M (Φ). The key idea here is that the classical Gagliardo-Nirenberg inequality
This self improvement can be re-interpreted as an L 1 (Ω, µ) weighted inequality. Indeed, suppose that W ∈ M (Φ)(R n , µ R n ), where Φ(t) = t 1/n , and dµ R n (x) = dx is the Lebesgue measure. Then, for f ∈ Lip 0 (R n ), we have,
A simple interpolation 11 between the inequality (1.12) and the trivial inequality
The weighted norm inequality (1.12) appears already in [15] , and corresponds to one of the end points of the Strichartz inequalities (cf. [35, Sec II, Theorem 3.6, page 1049]),
. 9 Here and in what follows we let
10 Note that
11 We always provide direct proofs of the interpolation argument using explicit decompositions.
However, since the abstract method can be used to prove more general results and establish connections with other inequalities, we also briefly indicate a proof using abstract interpolation theory in Section 5.5 below. 12 Recall that we are interpolating between w and w −1 = W. Interpolation with a parameter θ, yields a weighted norm inequality and the weight w 1−θ ( , which eliminates the weight.
In fact, taking as a starting point the sharp Sobolev inequality of Hardy-Littlewood-O'Neil 13 [30] (1.14)
and following the argument that led us to (1.12) gives a proof of (1.13) (cf. Section 5.6 below). More generally, it is perhaps a new observation that the corresponding weighted norm inequalities implied by the sharp Sobolev inequalities of [21] extend the Strichartz [35] and Faris [15] inequalities to the setting of r.i. norms (cf. Section 5.6 below). Finally, let us remark that this discussion gives another proof of the Euclidean space version of the uncertainty inequality of Dall'ara-Trevisan [14] . Indeed, for w(x) = |x| , then W (x) = |x| −1 , and
As a bonus, this approach to (1.3) allow us to also replace the L 1 norms by rearrangement invariant norms. In fact, the argument can be also adapted to deal Besov type conditions (cf. Section 5.7 below). The connection with Marcinkiewicz spaces makes it also easy to actually construct isoperimetric weights for given geometries where we have a lower bound on the corresponding isoperimetric profiles, as we show with examples in Section 5 below. In particular, we show how to construct *isoperimetric weights* for Gaussian or more generally log concave measures (cf. Section 5.3).
For perspective, the connection between (the classical) Sobolev inequalities and Lorentz-Marcinkiewicz spaces L p,∞ , has been known for a long time, and already appears, albeit implicitly, in the work of Hardy-Littlewood, and is already fully developed and exploited in the celebrated work of O'Neil on convolution inequalities (cf. [30] ). It is in [30] that one finds explicitly the idea of using Marcinkiewicz spaces in order to treat abstractly convolution with potentials of the form w = f (d(x, x 0 )). In our context, the "good weights" belong to Marcinkiewiecz spaces whose very definition is given in terms of the underlying isoperimetric profile. In the metric setting the use of weight functions of the form w = f (d(x, x 0 )), where d is the underlying metric, is classical (cf. [29] and the references therein). In particular, we remark that for geometries where the measure of a ball is independent of the radius 15 , the functions of the form w(x) = d(x 0 , x), where x 0 is a fixed element of Ω, trivially satisfy the condition (1.2) with equality.
We should also mention that the characterization of *isoperimetric weights* using Marcinkiewicz spaces also readily leads to a transference result for uncertainty inequalities which we formulate in Section 5.4 below.
Finally, and without any claim to completeness, we give a sample of recent references that treat uncertainty inequalities in different contexts and with different levels of generality, where the reader may find further references to the large literature in this field (cf. [10] , [11] , [24] , [29] , [31] ), we also should mention the classical papers by Fefferman [16] and Beckner [3] , [4] . 13 Comparing methods, in [15] , (1.13) is proved directly and then (1.14) is obtained as a corollary 14 Here the notation f ≈ g indicates the existence of a universal constant c > 0 (independent of all parameters involved) such that (1/c)f ≤ g ≤ c f . 15 This condition fails for Gaussian measure (cf. [18] , [38, Proposition 5.1, page 52.]).
Preliminaries
In this section we establish some further notation and background information and we provide more details about isoperimetric weights. Let (Ω, µ, d) be a metric measure space as described in the Introduction.
2.1.
Medians. In this subsection we assume that µ(Ω) < ∞.
For later use we record the following elementary estimate of the median, and provide the easy proof for the sake of completeness,
Proof. We use Chebyshev's inequality and the definition of median as follows. On the one hand,
On the other hand, we similarly have
Hence,
Combining estimates (2.1) follows.
2.2.
Rearrangement invariant spaces. Let u : Ω → R, be a measurable function. The distribution function of u is given by
The decreasing rearrangement of a function u is the right-continuous nonincreasing function from [0, µ(Ω)) into R + which is equimeasurable with u. It can be defined by the formula
, and satisfies
(where m denotes the Lebesgue measure on [0, µ(Ω)). It follows from the definition that
, and moreover,
On occasion, when rearrangements are taken with respect to the Lebesgue measure or when the measure is clear from the context, we may omit the measure and simply write u * and u * * , etc. We now recall briefly the basic definitions and conventions we use from the theory of rearrangement-invariant (r.i.) spaces and refer the reader to [5] for a complete treatment. We say that a Banach function space 16 
, is a rearrangement-invariant (r.i.) space, if g ∈ X implies that all µ−measurable functions f with the same rearrangement with respect to the measure µ, i.e. such that f * µ = g * µ , also belong to X, and, moreover, f X = g X . When dealing with r.i. spaces we will always assume that (Ω, d, µ) is resonant in the sense of [5, Definition 2.3, pag 45].
For any r.i. space X(Ω) we have
with continuous embeddings. In particular, if µ is finite, then
An r.i. space X(Ω) can be represented by a r.i. space on the interval (0, µ(Ω)), with Lebesgue measure,X =X(0, µ(Ω)), such that (see [5, Theorem 4.10 and subsequent remarks]) f X = f * µ X , for every f ∈ X. Typical examples of r.i. spaces are the L p -spaces, Lorentz spaces, Marcinkiewicz spaces and Orlicz spaces. 16 We use the definition of Banach function space that one can find in [?] which, in particular, assumes that the spaces have the Fatou property.
A useful property of r.i. spaces states that if
holds for all t > 0, and X is a r.i. space, then,
2.3. Isoperimetric weights. We give a formal discussion of the notion of isoperimetric weight and its characterization in terms of Marcinkiewicz spaces.
Definition 2. We will say that a locally integrable function w : Ω → R + is an isoperimetric weight, if w > 0 a.e., and there exists a constant C := C(w) > 0 such that
It is easy to see that (2.6) is equivalent to
In what follows we write
.
Since f * µ and µ f are generalized inverses of each other a simple argument (cf. [34] ) shows that f ∈ M (Φ) (Ω) if and only if
The previous discussion leads to the following
Lemma 1. w is an isoperimetric weight if and only if
Proof. From (2.7) and the fact that µ({w < r}) = µ W ( 1 r ), we have
Remark 1. In some sense we don't have too many choices of weights in order for uncertainty inequalities to be true. For example, suppose that µ(Ω) = ∞, and w is a weight such that
Inserting this information back in (2.8), we have
and (2.9) follows.
We now prove the localized Poincaré inequality described in the Introduction.
Theorem 1. Suppose that µ(Ω) < ∞. Then, for all f ∈ Lip(Ω), and for all measurable A ⊂ Ω, we have
Before giving the simple proof we recall the following important consequence of the co-area formula and the definition of isoperimetric profile (cf. [8] , [21] ). Theorem 2. (i) Suppose that µ(Ω) < ∞ (resp. µ(Ω) = ∞). Then, for all f ∈ Lip(Ω) (resp. for all f ∈ Lip 0 (Ω)), we have
Proof. (of Theorem 1) Let f ∈ Lip(Ω), and let A ⊂ Ω be a measurable set. We compute
= (I) + (II). (2.12)
We estimate (I). Suppose that s > m(f ). We claim that
It is plain that (2.13) will follow if can show that µ({f > s}) ≤ µ(Ω)/2. Suppose, to the contrary, that µ({f > s}) > µ(Ω)/2. Then, since {f > s} and {f ≤ m(f )} are disjoint sets, µ({f > s}) + µ({f ≤ m(f )}) ≤ µ(Ω). It follows that µ({f ≤ m(f )}) < µ(Ω)/2, which is impossible since m(f ) is a median of f. From (2.13), and the fact that t/I(t) increases, we get (2.14)
Since I is increasing on (0, µ(Ω)/2] , and µ ({f > s}) ≤ µ(Ω)/2, we see that
Updating (2.14) we have
Integrating we obtain
In a similar way we can estimate (II)
Inserting the estimates (2.15) and (2.16) in (2.12) we obtain (2.17)
We now show that the integrals inside the parenthesis can be combined. Indeed, when s < m(f ) we have µ({f ≤ s}) < µ(Ω)/2, therefore, by the symmetry of I around the point µ(Ω)/2, we find that
Inserting the last equality in (2.17) yields
as we wished to show.
Remark 2. Note that (2.10) reduces to (1.5) when A = Ω. Moreover, since
we also get
L 1 Uncertainty Inequalities via local Poincaré inequalities
Let (Ω, µ, d) be a metric measure space. In this section we prove our main result concerning L 1 uncertainty inequalities.
Theorem 3. Let w be an isoperimetric weight, and let α > 0. Suppose that µ(Ω) < ∞ (resp. µ(Ω) = ∞), then, for all f ∈ Lip(Ω), with m(f ) = 0 or Ω f dµ = 0 (resp. for all f ∈ Lip 0 (Ω)), we have
Proof. Case of finite measure. Suppose that f ∈ Lip(Ω). We consider each normalization separately.
(i) Suppose m(f ) = 0. Then, for all r > 0, we have
as desired.
(ii) Suppose that Ω f dµ = 0. Let r > 0, and write
The terms A(r) and C(r) can be estimated as the corresponding terms in (i), above. To estimate the remaining term we proceeds as follows:
Since I increases on (0, µ(Ω)/2) and decreases on (µ(Ω)/2, µ(Ω)), we have
Consequently,
It follows that
Combining the previous estimates the desired result follows.
Case of infinite measure. f ∈ Lip 0 (Ω). For all r > 0 we write
The term (II) can be estimated exactly as in the previous case. It remains to estimate
The integrand can be estimated as follows,
≤ C(w)rI(µ({|f | > s} ∩ {w ≤ r})) (since w is an isoperimetric weight) ≤ C(w)rI(µ({|f | > s})) (since I increases).
Inserting the estimates that we have obtained for (I) and (II) into (3.2) gives the desired result. the two terms and we obtain the multiplicative inequality
Following closely the chain rule argument used in [14, Section 6.5] we now show that Theorem 3 implies the corresponding L p version of itself. More precisely, we have Theorem 4. Let w be an isoperimetric weight, let p > 1, and let α > 0. Suppose that µ(Ω) < ∞ (resp. µ(Ω) = ∞), then, there is a constant D = D(w, p, µ(Ω)) (resp. D = D(w, p) in case that µ(Ω) = ∞) such that, for all f ∈ Lip(Ω) with m(f ) = 0, or Ω f dµ = 0 (resp. for all f ∈ Lip 0 (Ω)), we have
Proof. The main technical difficulty to prove the Theorem is that, as we attempt to apply Theorem 3 by replacing f with powers of f, we may loose the required normalizations in the process. Let us first record the following well known elementary version of the chain rule for power functions, which is valid in the metric setting,
and
Applying Hölder's inequality we find
Let us also note here that Hölder's inequality gives us,
We now divide the proof in several cases. The easiest case to deal with the normalizations issue is when µ(Ω) = ∞. Indeed, if f ∈ Lip 0 (Ω), we also have |f | p ∈ Lip 0 (Ω). Thus, by (3.1) we have,
, for all r > 0. Then, from (3.3) and (3.5), we get,
, for all r > 0, and the desired result follows. Suppose that µ(Ω) < ∞. Let f ∈ Lip (Ω). It is not difficult to verify that m(f ) |m(f )| p−1 is a median of f |f | p−1 (cf. [14] ). To take advantage of this fact we estimate |f | p 1 as follows
A(r) can be estimated using the local Poincaré inequality, the fact that w is an isoperimetric weight and (3.3):
(by (3.4) ).
The term C(r) can be readily estimated in a familiar fashion:
(by (3.5)).
It remains to estimate B(r), and for this purpose we consider two cases. If m(f ) = 0, then B(r) = 0 and we are done. Suppose now that Ω f dµ = 0. We estimate each of the factors of B(r). Using (1.5) and Hölder's inequality, we get
To estimate |m(f )| p−1 we observe that m(f ) |m(f )| p−2 is a median of f |f | p−2 . Therefore, by (2.1) and Hölder's inequality,
Inserting these estimates we find
Combining estimates we see that
1+α to compute (3.1), then we obtain the multiplicative inequality
Isoperimetric weights vs Dall'Ara-Trevisan weights
Dall'Ara-Trevisan [14] proved versions of Theorems 3 and 4, for homogeneous spaces 17 M, and for weights w : M → R + that satisfy the growth condition
In this section we compare the weights in the Dall'Ara-Trevisan class with the corresponding isoperimetric weights defined on M. In preparation for this task let us introduce some notation and recall useful information. In this section we shall consider homogeneous spaces M that satisfy the assumptions of [14] and, moreover, are metric measure spaces in the sense of the present paper 18 . We shall simply refer to these spaces as *homogeneous metric measure spaces*.
We now recall the weak isoperimetric inequality used in [14] (cf. also [13] ).
Theorem 5. Let M be an homogeneous space satisfying the assumptions of [14] . Then the following statements hold.
(1) Suppose that M is non-compact. Then, there exists C > 0 such that for all r > 0, and for all Borel sets A ⊂ M such that µ(A) ≤ Υ M (r), we have
(2) Suppose that M is compact. Then, (i) There exists C > 0 such that for r > 0, and all Borel sets E with
, we have
(ii) If µ(E) ≤ Υ M (r), then, for all r > 0, and for all Borel sets
Theorem 6. Let M be an homogeneous metric measure space. Then, the class of isoperimetric weights contains the class of weights satisfying the growth condition (4.1).
The next result will be useful in the proof.
Lemma 2. (i) Let
M be an homogeneous metric measure space. Then, there exists C > 0 such that, for all r > 0, with
Proof. Let r > 0 be fixed. Suppose that Υ M (r) ≤
µ(M)
2 , and let A ⊂ M be a Borel set such that µ(A) = Υ M (r). 17 We refer to the Introduction for the basic assumptions on M, and [14] for complete details. 18 In particular, we assume that the isoperimetric profile I (M,µ,d) := I satisfies the usual assumptions.
Using Theorem 5 we see that
Indeed, if M is compact this follows directly from (4.3), while in the non compact case we can use (4.2), with E = A, to arrive to same conclusion. Taking infimum we obtain,
and therefore (4.4) holds.
2 . Then, since t/I(t) increases, we have
We can now proceed with the proof of Theorem 6.
Proof. We assume that w is a weight such that µ({w ≤ r}) ≤ Υ M (r). We are aiming to prove
2 . Then by (4.5) µ({w ≤ r}) ≤ CrI({µ({w ≤ r}).
Since our assumptions on w and Υ M (r) force µ({w ≤ r}) ≤ µ(M) 2 , we see that (4.6) holds.
(
2 . Then, since t/I(t) increases,
In other words, (4.6) holds in this case as well.
(iii) It remains to consider the case
Therefore, (4.6) holds in this case as well, concluding the proof of Case I. 2 , therefore we see that (4.6) holds by (4.5).
Remark 5. In [14] the dichotomy for the normalization conditions is given in terms of whether the space M is compact or not. On the other hand, the assumptions of [14] force µ(M ) < ∞, when M is compact and µ(M )
, for all n ∈ N, and therefore we have Υ M (n) → ∞.
Examples and applications
Let (Ω, µ, d) be a metric measure space. We will use the following general scheme to construct isoperimetric weights in different settings. Let g : [0, µ(Ω)] → [0, ∞), be such that g > 0 a.e., and
where the rearrangement is taken with respect to the Lebesgue measure on [0,
It is known (cf. [5, Corollary 7.8 pag. 86]) that there exists a measure-preserving
It follows that the function
is an isoperimetric weight. Indeed, by Lemma 1,
In the examples below we consider specific metric measure spaces and make explicit calculations following the above scheme.
5.1. Euclidean case.
R
n with Lebesgue measure. The isoperimetric profile is given by
Theorem 7. Let g : [0, ∞) → [0, ∞) be such that g > 0 a.e., and, moreover, suppose that sup 0<t<∞ g * (t)t 1/n < ∞.
Let w : R n → R + , be defined by
Then, w is an isoperimetric weight.
Proof. Let W = 1 w . Then, W (x) = g * (β n |x| n ) and W * (t) = g * (t) (cf. [37] ). Consequently, W ∈ M (Φ) (R n ) , and the result follows.
5.1.2.
The closed upper half of Euclidean space R n . For simplicity we assume that n = 2.
Let H 2 = {(x, y) ∈ R 2 : y ≥ 0}. By reflection across the boundary of H 2 , combined with the classical isoperimetric inequality in R 2 , it follows that the corresponding isoperimetric profile, I H2 , is given by (cf. [37] )
be such that g > 0 a.e., and
Let k > 0, and let w : H 2 → R + be defined by
, where B denotes the Euler beta function. Then, w is an isoperimetric weight.
5.2. The unit sphere. Let n ≥ 2 be an integer, and let S n ⊂ R n+1 be the unit sphere. For each n ≥ 2, the n−dimensional Hausdorff measure of S n is given by ω n = 2π n+1 2 /Γ( n+1 2 ). On S n we consider the geodesic distance d, and the uniform probability measure σ n . For θ ∈ [−π/2, π/2], let
It is known that the isoperimetric profile of the sphere I S n coincides with
Theorem 9. Let g : [0, 1] → [0, ∞) be such that g > 0 a.e., and
where the rearrangement is taken with respect to the Lebesgue measure on [0, 1]. Let w : S n → R + , be defined by
Proof. Let
We need to show that W = 1 w ∈ M (Φ) (S n , µ) . Let m f (t) denote the distribution function of f with respect to the Lebesgue measure on [0, 1], and let µ := σ n . Then, W and g are equimeasurable. Indeed,
Consequently, in view of our assumptions on g, W = 1 w ∈ M (Φ) (S n , µ) .
Log concave measures.
We consider product measures on R n that are constructed using the measures on R defined by the densities
where Ψ is convex, √ Ψ concave, Ψ(0) = 0, and such that Ψ is C 2 on [Ψ −1 (1), +∞), and where, moreover, Z 
It is known that the isoperimetric profile for (R, d n , µ Ψ ) is given by (cf. [9] and [7] )
We shall denote by µ
, the product probability measures on R n . It is known that the isoperimetric profiles I µ ⊗n Ψ are dimension free (cf. [2] ): there exists a universal constant c(Ψ) such that for all n ∈ N c(Ψ)I µΨ (t) ≤ I µ ⊗n Ψ (t) ≤ I µΨ (t).
Theorem 10. Let g : [0, 1] → [0, ∞) be such that g > 0 a.e., and
where the rearrangement is taken with respect to the Lebesgue measure on [0, 1]. Let w : R n → R + be defined by,
A calculation, similar to the one given during the course of the proof of Theorem 9, shows that W and g are equimeasurable. Thus,
and we see that W ∈ M (Φ) (R n ) , as we wished to show. .
In fact, since
Iµ Ψ (t) t decreases, we see that g * (t) = g(t). In particular, for Ψ(|x|) = |x| p p , p ∈ [1, 2], the isoperimetric profile I µΨ (t) satisfies (cf. [37] )
Thus, if we let g : [0, 1] → [0, ∞) be such that g > 0 a.e., and suppose that
it follows that the function
is an isoperimetric weight.
5.4.
Transference. We indicate a simple transference result that follows directly from the characterization of isoperimetric weights in terms of Marcinkiewicz spaces. Suppose that (Ω i , µ i , d i ), i = 1, 2, are two measure metric spaces as above, such that, moreover with µ 1 (Ω 1 ) = µ 2 (Ω 2 ), and I 1 := I (Ω1,µ1,d1) ≥ I 2 := I (Ω2,µ2,d2) . Then, the corresponding uncertainty inequalities for (Ω 2 , µ 2 , d 2 ) can be transferred to (Ω 1 , µ 1 , d 1 ) in the sense that, for all f ∈ Lip(Ω 1 ) that satisfy suitably prescribed cancellations
where
. Therefore, the result follows from Lemma 1 and Remark 3.
5.5.
A connection with interpolation theory. While many of the arguments we have used in this paper have been inspired by real interpolation theory, we have avoided making explicit use of the general theory. In this subsection we give a brief, somewhat informal, discussion of the formal connection with interpolation theory, since the method is useful for other related inequalities and generalizations. In particular, as another application of the method we discuss briefly a recent result by E. Milman [27] .
Our general reference for all unexplained notation and background will be [6] .
We consider a pair of weights, i.e. positive functions w i : Ω → [0, ∞), and consider the K−functional 19 The key point of this transfer is that, by abuse of notation, we have "switched" the isoperimetric weights of (Ω 1 , µ 1 ) by the "isoperimetric weights" of (Ω 2 , µ 2 ). In this sense the transfer is apparently connected with the construction of representations of the space M (Φ) for different metric measure spaces. It would be interesting to study the connection of our transference result with the recent results on the transport of weighted Poincaré inequalities (cf. [12] ).
It is well known and easy to see that (cf. [6] )
wi , i = 0, 1, and for all t > 0, we have
The converse inequality follows using the decomposition
Let us define
Using (5.5) and Fubini's theorem, we readily see that
In other words (cf
In particular, if we let
A different class of Lions-Peetre interpolation functors can be constructed using the so called J−functional leading, in particular, to the L
20 This is part of a family of interpolation inequalities
Without entering into the specifics of this classical construction we mention two important consequences for our example. Firstly, we have with norm equivalence that (cf. [6] )
The interpolation result we use in this paper is not (5.7) proper but the following consequence of (5.8). The L 
where c is an absolute constant. Consequently, from (5.7) and (5.8) we see that (5.9) holds. Therefore, if we know that for all suitably normalized smooth f , with |∇f | L 1 < ∞, we have
we arrive to the following uncertainty inequality: for all suitably normalized smooth f, with |∇f |
The analysis described above can be extended in different directions. In particular, let us note that for any Banach lattice of functions X on (Ω, µ) we have the following extension of (5.5)
In retrospect one can see that the weighted norm estimates in this paper were all based on the use of decompositions of the type (5.6).
We give another illustration of the interpolation method outlining briefly, and rather informally, an interpolation approach to some of the recent new functional inequalities of E. Milman [27] .
Example 2. In this illustration we shall proceed formally and focus on the derivation of a functional inequality presented in [27] , ignoring the background and the underlying assumptions. Let α ∈ (0, 1), and suppose that the inequality
holds for a class of suitably normalized Lip functions. Then (cf. [27] ),
One can approach the result using explicit decompositions to compute the corresponding K−functional
The actual computation is again known. We have (cf. [6] )
Then, if we let
it follows readily by Fubini that we have, with norm equivalence,
Moreover, since we also have (with norm equivalence that depends on α)
we see that
Therefore, from the validity of (5.10) we can deduce the validity of (5.11) for a suitable class of smooth normalized functions.
One can, of course, deal with more general spaces, in particular replacing the L α,1
spaces by more general quasi Banch spaces, and use slightly more general versions of the real method of interpolation to obtain estimates of the form f
), with Ψ concave, on the right hand side. We shall leave a fuller discussion of such matters for another ocassion. 5.6. Strichartz inequalities and Sobolev inequalities. The initial step of the interpolation process that leads to uncertainty inequalities is directly connected with the following inequality that one finds in Strichartz [35] . A different proof with sharp constants 21 was later found by Faris [15] 
These inequalities are connected with the classical Sobolev inequality via the sharp form of the Sobolev inequality involving Lorentz spaces (cf. [36] and the references therein), (5.12)
21 Here we shall not be concerned with the best value of the constants involved but we do note that cn(p) → ∞ as p → n.
Besov Inequalities.
In this brief section we indicate how the inequalities can be extended to suitable Besov spaces. Here we are aiming to illustrate the method rather than to prove the most general results. Thus, we shall focus on (Ω, d, µ) = R n , and L q spaces. Our starting point is the following equivalence (cf. [6] ) which here we may take as a definition: Let 1 ≤ q ≤ ∞, 0 < s < 1,
where ω q is the q−modulus of continuity defined by
Suppose that f * * (∞) = 0, then following estimate is well known (cf. [5] , [20] and the references therein) Let w be an isoperimetric weight (i.e. 1 w ∈ L n,∞ ). Let α > 0, 1 ≤ q < ∞, 0 < θ < 1, with θ < n/q. Then the following estimate holds,
where c > 0 is an absolute constant. Indeed, following a familiar argument we have
It remains to estimate the first term, 
Using the inequalities of [23] it is possible to extend these results to Besov spaces on metric spaces but the development is too long and technical, and falls outside the scope of the present paper.
Rearrangement Invariant Uncertainty Inequalities
In this section we obtain uncertainty inequalities modeled on (3.1), where L 1 is replaced by a suitable r.i. space.
Our approach is based on the following Sobolev inequalities for r.i. spaces (cf. [21] where results of this type were obtained with more restrictions on the ambient measure space).
Theorem 11. Let X be an r.i. space on Ω such thatQ is bounded onX. The following statements hold The proof of this theorem will be given at the end of this section. First we consider the corresponding uncertainty inequalities.
